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Abstract: The concept of fuzzy dot subalgebra of BCK/BCl-algebras was introduced by Jun and Hong paper [8]. In 2003
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1. INTRODUCTION

The notion of BCK-algebra was introduced by Imai
and Iseki in 1966 [5]. In the same year, Iseki [6] introduced
the notion of BCl-algebra which is a generalization of a
BCK-algebra. After the introduction of the concept of
fuzzy sets by Zadeh [17], several researchers were
conducted on the generalization of the notion of fuzzy sets.
Jun and Hong in [8] introduced the notion of a fuzzy dot
subalgebra of a BCK/BCl-algebras as a generalization of
a fuzzy subalgebra and state a condition for a fuzzy dot
subalgebra and prove several basic properties which are
related to fuzzy dot subalgebra. In [12] Najati introduced
the notion of fuzzy dot filters in BCK-algebras and
investigate some of its properties. In [13] Najati
introduced the notion of a fuzzy satisfactory filter in BCK-
algebra and prove several basic properties which are
related to fuzzy satisfactory filter. In this paper, we
introduce the notion of fuzzy dot satisfactory BCK-filter
and prove some their fundamental properties, and then we
state a condition for a fuzzy subset to be a fuzzy dot
satisfactory filter.

2. PRELIMINARIES

We review some basic definitions and properties that
will be useful in our results. A BCK-algebra X is defined
to be an algebra (X,*,0) of type (2,0) satisfying the
following conditions.

BCK —1 ((xy)(x2))(zy) = 0,

BCK -2 (x(xy))y =0,

BCK —3 xx =0,

BCK —4 0x =0,

BCK -5 xy=0andyx =0=>x=y,

forall x,y,z € X, where xy =xx*y, and xy = 0 if and
onlyifx <y.

In a BCK-algebra X, the following properties hold for
allx,y,z € X:
P-1 X0 =X,
P2 (xy)z = (xz)y,
P-3 X<V impliesthat XZ < yz and zy < ZX,
P-4 (xz)(vz) < xv,
P5x<yy<z=>x=<z
P-6 x(x(xy)) = xy,
P-7xy = x.

A BCK-algebra X satisfying the identity x(xy) =
y(yx), forall x,y € X, is said to be commutative. If there
is a special element 1in a BCK-algebra X satisfying x <
1, for all x € X, then 1is called a unit of X. A BCK-
algebra X with unit is said to be bounded. In what follows
let X denote a bounded BCK-algebra unless otherwise
specified, and we will use the notation x* instead 1x for
all x € X. In a bounded BCK-algebra X we have:

P-8 1"=0and0" =1.

P-9 y <X impliesthat X" <Yy"~.
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P-10 x*y* < yx.

If X is a commutative bounded BCK-algebra, then the
equalities (x*)* = x, X"y" = yX hold, forall x,y € X.

We review some fuzzy concepts. A fuzzy subset of a
nonempty set X is a function u: X — [0,1]. We shall use
the notation X, for {x € X|u(x) = u(1)}. The set u, =
{x € X|u(x) = t}, where t € [0,1], is called the t-level
subset of u .

A nonempty subset of X Then F is called a filter of X,
if it satisfies the conditions.
F-11€eX,
F-2 (x*)'y*€F,yeF =>x€Fforallx,ye€X.

A nonempty subset F of X is called a satisfactory filter
of X, if it satisfies (F-1) and
F-3 (x(y(yz)*)")"€F,x € F = (yz)* € F, forall
x,y,z €X.

A BCK-algebra X satisfying (xz)(yz) = (xy)z, for all
x,y,z € X, is said to be positive implicative. A BCK-
algebra X is positive implicative if and only if it satisfies
xy = (xy)y,forall x,y € X.

A fuzzy subset F in X is said to be a fuzzy filter of X, if
it satisfies:
FF-1 F(1) = F(x),
FF-2 F(x) = min{F((x*y*)*),F(y)}, forall x,y € X.
Note that every fuzzy filter is order preserving (see [9,
Proposition 3.5]).

Definition 2.1. [12] A fuzzy subset F in X is said to be
a fuzzy dot filter of X, if it satisfies FF-1 and,
FF-3F(x) =2 F((x"y")")F(y), forall x,y € X.

Theorem 2.2.[12, Theorem 3.7] Let F be a fuzzy subset
of X and F(1) = 1. Then

(i)  F@x2)' = F(y) implies F(2) = F(y),
(i)  xy < zimplies F(y) = Fx)F(z").

Theorem 2.3. Let X be commutative and let F be a
fuzzy dot filter of X . Then forall x,y € X
Fx) =2 F((xy)'x)")
Proof. Let F be a fuzzy dot filter of X . Then for all
x,y,z € X, we get:
((xy) )" (yx)" = (yx) ((xy)"x)
< y(xy)
= (xy)y”
= (xy)(1y)
<x1

=0
Then

F((ey)'x)" < Fyx)*
Then by Theorem 2.2 we get:

Fx) = F((xy)'x)")

Definition 2.4. [13] A fuzzy subset F in X is said to be
a fuzzy satisfactory filter of X, if it satisfies FF-1, and

FF-4 F((yz)*) = min{ F((x(y(y2)*)*)*), F(x)}, for all
x,y,Z €X.

3. FUZZY DOT SATISFACTORY FILTERS

Definition 3.1. A fuzzy subset F in X is said to be a
fuzzy dot satisfactory filter of X, if it satisfies FF-1, and

FF-5 F((y2)*) = F((x(y(y2)*)")")F(x), for all
x,v,Z €X.

Example 3.2. Let X = {O, a,b,l} be a bounded BCK-
algebra with = defined by

=T 9O %
RO 20O
TIT|IO| O >
DO VO |T
OO O|O|(F-

Define F of X by F(1) = 0.4 and F(0) = F(a) =
F(b) = 0.3. Routine calculations give that F is not a
fuzzy filter of X. Also, a fuzzy subset v of X defined by
v(0) = 0.3,v(1) =v(b) = 0.5,and v(a) = 0.6. Routine
calculations give that v is not a fuzzy filter of X.

Remark 3.3. Every fuzzy satisfactory filter of X is a
fuzzy dot satisfactory filter of X , since:
F((x2)") 2 min {F((x(y(y2)")")"), F(x)}
> Fr((x(y(y2))"))F ()

But the converse may not be true as seen in above
example, since v is a fuzzy dot satisfactory filter of X, but
it is not a fuzzy satisfactory filter because:
v(10)* =0.3
< min {v((b(1(10)7)*)*),v(b)}
=min{v(a),v(b)} = 0.5

Remark 3.4. If F be a nonempty satisfactory filter of X,
and the fuzzy set Fp of X, which defined by Fr(x) = s if
x€EFand Fp(x) =tifx ¢ F, for all s,t € [0,1] with
s>t , then by [13, Theorem 4.4] Fp is a fuzzy
satisfactory filter of X. So, by above remark Fy is a fuzzy
dot satisfactory filter of X. In the following theorem we
refer this remark with another proof.
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Theorem 3.5. Let F be a nonempty satisfactory filter of
X and let the fuzzy set Fr of X , which defined by
Fr(x) =sifx e Fand Fr(x) =tifx ¢ F,foralls,t €
[0,1] with s >t , then it is a fuzzy dot satisfactory filter
of X.

Proof. Let F be a nonempty satisfactory filter of X ,
since 1 € F, we have F(1) =s = F(x) for all x € X.
Now let x,y,z€ X. If (x(y(yz)")")"€F andx € F ,
then (yz)* € F , then
Fr(yz)" = s =2 Fe((x(y(y2)")"))Fr(x)
If (x(y(y2)")")" ¢ F orx ¢ F , then
Fr((x(y(y2))))Fr(x) = st < Fr(yz)"
It follows that F is a fuzzy dot satisfactory filter of X .

Theorem 3.6. Let F be a fuzzy dot satisfactory filter of
X , then Xy = {x € X|F(x) = 1} is either empty or
satisfactory filter of X .

Proof. Suppose that F is a fuzzy dot satisfactory filter of
X, clearly 1 € Xz . Now let X #+ @. Let x,y,z € X,
and let (x(y(yz)*)")" € X and x € X , then:

Flyz)' =z F((x(y(y2))))F(x) = 1
So (yz)* € Xz , then X is a satisfactory filter of X .

Proposition 3.7. Let F be a fuzzy dot satisfactory filter
of X . Then forall x € X, F(0) = F(x*)F (x).
Proof. Let x € X, then:
F) =FA0)" = F(x(1L(10)")*"F(x) = F(x")F (x).

Lemma 3.8. [7, Theorem 3.13] Let X be commutative
and G* = {x*|x € G} for every nonempty subset G of X
. Then G* is a satisfactory filter of X if and only if G is a
positive implicative ideal of X .

Theorem 3.9. Assume that X is commutative. Let G be
a nonempty subset of X and F+ a fuzzy set in X defined
by:

g _{s if xeG ={x"|x€aG}

For = .

t otherwise,
forall xeX and 0<t<s<1.IfGis a positive
implicative ideal of X , then F;« is a fuzzy dot
satisfactory filter of X .
Proof. Assume that G is a positive implicative ideal of X
, then by Lemma 3.8. G*
is a satisfactory filter of X , So F,- is a fuzzy dot
satisfactory filter of X by Theorem 3.5.

Theorem 3.10. Let F be a fuzzy set of X. If F.is a
satisfactory filter of X for all t € [0,1] where F, # @,
then F is a fuzzy dot satisfactory filter of X .

Proof. Assume that F, is a satisfactory filter of X for all
t € [0,1], and F, # @, we claim that (FF-1) and (FF-4) are
true. If (FF-1) is not true, then there is x, € X be such that,
F(1) < F(xo). Put to =>{F(1) + F(xo)}. Then ¢, €

[0,1] and F(1) < ty < F(xg) , which implies that x, €
Fe,and Fy # 0.S0 Fy, is a satisfactory filter of X by
assumption. It follows from 1€ F, that F(1) =¢,
which is a contradiction. Therefore (FF-1) holds. Suppose
that (FF-4) is false. Then there are x,,y,,2, € X such
that:
F((ozo)™) < F((xo(o(020)*)*)")F (x0)

Taking
So = %{T(O’ozo)*) + F (o (Vo (V020)™))™) F(x0)}
we get s, € [0,1] and

F((oz0)") <o < F((xo(Vo(020)"))") F(x0)
It follows from the right-hand side of the above inequality
that:

(20 (Vo (¥020)")")" € Fy, and x, € F,

Since F;, is a satisfactory filter of X it follows form
(Vozo)" €F, , that F((yoz0)*) = s, S0, which is
impossible. Hence (FF-4) is also valid. Consequently, F is
a fuzzy dot satisfactory filter of X .

Theorem 3.11. [12, Theorem 3.8] Let X be a
commutative and F and a fuzzy subset of X . Then
F fuzzy dot filter of X if and only if it satisfies for all
%,y €X, F(x) = F(yx)*F(y).

Theorem 3.12. If X is commutative, then every fuzzy
dot satisfactory filter of X is a fuzzy dot filter of X
Proof. Let F be a fuzzy dot satisfactory filter of X and
x,y € X. Since x™ = x, we get (xy)* = (x(y™)™)". it
follows from FF-5 that:

F@) =FO™)
=2 Fx(1(1y)"))" F(x)
= F(xy)" F(x)
So, from Theorem 3.10. that F is a fuzzy dot filter of X .

The converse of above theorem may not be true as seen in
the following example.

Example 3.13. Let X = {O, a, b,l} be a bounded BCK-
algebra with * defined by:

*10|a|b|1
0/]0|0|0O0]O
ala|0]0]|0
b|b|a|0]|O0
1(1|b|a]|0

Define F of X by F(1) =1 and F(x) =t, t € [0,1] for
all x # 1. Routine calculations give that F is a fuzzy dot

filter of X, but it is not fuzzy dot satisfactory filter of X ,
because.
Fha) =t=1=F((1(b(ba))))F()
Theorem 3.14. [12, Proposition 3.4] Every fuzzy dot
filter F of X with F(1) = 1 is order preserving.
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Remark 3.15. By Theorem 3.12 and Theorem 3.14 if X
is commutative, and F is a fuzzy dot satisfactory filter of
X with F(1) = 1, then it is a fuzzy dot filter, so it is
preserving.

We give conditions for a fuzzy dot filter to be a fuzzy dot
satisfactory filter of X .

Theorem 3.16. Let X be a commutative and positive
implicative. Then every fuzzy dot filter of X is a fuzzy dot
satisfactory filter of X .

Proof. Let F be a fuzzy dot filter of X . Since

z) = (@y) =zy)y) =((y2)y) =
(y(yz)*)* forall y,z € X , it follows from Theorem 3.10.

F(2)) =F((y(y2))") =2 F((x(y(yz)")))F(x)
So that F is a fuzzy dot satisfactory filter of X .

Theorem 3.17. Let X be a commutative and let F be a
fuzzy dot satisfactory filter of X where F(1) = 1. Then
forallx,y e X

F ((xy)") = F((x(xy)™)) €))
Proof. Let F be a fuzzy dot satisfactory filter of X , then
F((xy)) = F((A(x(xy)))DF (D)
= F((((x(xy))DDD)
=F((x(xy))")
for all x,y € X. Therefore (1) holds.

Theorem 3.18. Every fuzzy dot filter of X satisfying (1)
is a fuzzy dot satisfactory filter of X .
Proof. Let F be a fuzzy dot filter of X satisfying (1), then
by Theorem 3.11.
F(y2)) =F(2))) 2 F((x(yz))")") Fx)
forall x,y,z € X . Therefore, F is a fuzzy dot satisfactory
filter of X .

Theorem 3.19. Let X be a commutative and let F be a
fuzzy dot filter of X . Then forall x,y € X
Fx)=F((xy)x)")
Proof. Let F be a fuzzy dot filter of X , then:

((y) %)™ = (yx) ((xy)*x)

< y(xy)’

= (xy)y”

= (xy)(1y)

<x1

=0
for all x,y € X, then F ((xy)*x)* <F (yx)*, then by
Theorem 2.2 (i) we get:

F(x) = F((xy)™x)")

Theorem 3.20. Let X be a commutative and let F be a
fuzzy dot filter of X where F(1) =1. Then the
following are equivalent for all x,y,z € X

i F is a fuzzy dot satisfactory filter of
X,
. F)2F((x(y2)y)IF(x).
Proof. (i) = (ii) Let F be a fuzzy dot satisfactory filter
of X , by Theorem 3.11 and Theorem 3.19 we have
FO) =2F(y2)y)) =Fx((yz)y))Fx)
Thus (ii) is valid.

(ii) = (i) Assume that a fuzzy dot filter F of X
satisfies the condition (ii), forall x,y € X , it follows from
(i) that:

F () = F(((Cey)x)))FA) = F>((xy)™x)7)

Thus
F ) =F(((xy)x)) (1)
forall x,y € X. Taking x = (xy)* in (1*) implies that
Fy) =2 FUCy)y) ()" (29
On the other hand, note that:

(G Y )" = () () y))”
= (" x) )))”
= (O ey
= (N (Y)Y Nx)*
= (") x)y)Nx")"
= (" x)x)((yx)y)"
= (" x)x) (Y y)x))”
= (((r"x")x)((0)x™))"
(" x")x")0)*
((y x")x"))"
= (x(xy)?)"
It follows from (2*) that F(xy)* = F(x(xy)*)* , so from

Theorem 3.18 that F is a fuzzy dot satisfactory filter of
X.

Theorem 3.21. Let {F;}, where i € N be a family of
fuzzy dot satisfactory filter of X , then so is N;¢; F;.
Proof. Letforall x,y € X, we get

Nier Fi(1) = min {F;(1)}

= min;e {F;(x)}
=N Fi(x)
Nier Fi(yz)" = minie {F;(yz)"}
= min;e {F;i(x(y(y2)")")" Fi(x)}
> (minie {Fi(x(y(z)")") D (min;e, {F; ()}
= (Nier Fi(x((y2)) ")) (Nier Fi(x))
Hence n;¢; F; is a fuzzy dot satisfactory filter of X .

In the following example we can see if {F;}, where i € N
is a family of fuzzy dot satisfactory filter of X, then U;¢; F;
may not be a fuzzy dot satisfactory filter of X.

Example 3.23. Let X = {0, a, b, 1} be a bounded BCK-
algebra with * defined as in Example 3.2. and let fuzzy
dot satisfactory filter v of X which defined by v(0) = 0.3,
v(a) = 0.4 and v(b) = v(1) = 0.5 . Defined the fuzzy
subset Aof X by A(1) = A(a) =1 and A(0) = A(b) =
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0.1 . Routine calculations give that A is a fuzzy dot filter
of X. Butv U A is not fuzzy dot filter, because:

(vu ) (10)" = max{v(10)*,A(10)*} = 0.3
<vUA((a(1(10))))v U A(a)

= max{v((a(1(10)"))"), 4((a(1(10))")")} max{v(a), A(a)}

= (max{0.1,0.5})(max{1,0.4} 0) = (0,5)(1) = 0.5

4. CONCLUSION

The concept of fuzzy dot subalgebra of BCK/BCI-
algebras was introduced by Jun and Hong paper [8]. In
2003 Jun [7] was introduced the concept of satisfactory
BCK-filters. The concept of fuzzy satisfactory BCK-filters
was introduced by Najati [13]. In this paper, we define the
notion of fuzzy dot satisfactory BCK-filters and
investigate some of its properties.
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